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Abstract 


The pair (G'y,-) is called a special loop if (G,-) is a loop with an arbitrary subloop 
(H,-). A special loop (Gy,-) is called a second Smarandache Bol loop(SynaBL) if and 
only if it obeys the second Smarandache Bol identity (as - z)s = x(sz-s) for all x, z 
in G and s in H. The popularly known and well studied class of loops called Bol 
loops fall into this class and so SgnaBLs generalize Bol loops. The basic properties of 
SonaBLs are studied. These properties are all Smarandache in nature. The results in 
this work generalize the basic properties of Bol loops, found in the Ph.D. thesis of D. 
A. Robinson. Some questions for further studies are raised. 


1 Introduction 


The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha Kan- 
dasamy in [23]. In her book and first paper on Smarandache concept in loops, 
she defined a Smarandache loop(S-loop) as a loop with at least a subloop which forms a 
subgroup under the binary operation of the loop. The present author has contributed to 
the study of S-quasigroups and S-loops in [5} |6} [71 |8} (9) by introducing some new 
concepts immediately after the works of Muktibodh [14][15|. His recent monograph gives 
inter-relationships and connections between and among the various Smarandache concepts 
and notions that have been developed in the aforementioned papers. 

But in the quest of developing the concept of Smarandache quasigroups and loops into a 
theory of its own just as in quasigroups and loop theory(see (4) [16} (21]), there is the 
need to introduce identities for types and varieties of Smarandache quasigroups and loops. 
For now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache 
loop(S;st-loop) or first Smarandache quasigroup(S;st-quasigroup). 
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Let L be a non-empty set. Define a binary operation (-) on L: if x-y € L forall z,y € L, 
(L,-) is called a groupoid. If the system of equations ; a- x = b and y- a = b have unique 
solutions for x and y respectively, then (L,-) is called a quasigroup. For each x € L, the 
elements x? = xJp, x = aJ, € L such that rx? = e? and x*x = e* are called the right, left 
inverses of x respectively. Furthermore, if there exists a unique element e = e, = e) in L 
called the identity element such that for all z in L, r-e =e-x =42, (L,-) is called a loop. 
We write xy instead of x-y, and stipulate that - has lower priority than juxtaposition among 
factors to be multiplied. For instance, x - yz stands for x(yz). A loop is called a right Bol 
loop(Bol loop in short) if and only if it obeys the identity 


(xy -z)y = x(yz-y). 


This class of loops was the first to catch the attention of loop theorists and the first com- 
prehensive study of this class of loops was carried out by Robinson [I8}. 

The aim of this work is to introduce and study the basic properties of a new class of loops 
called second Smarandache Bol loops(SgnaBLs). The popularly known and well studied class 
of loops called Bol loops fall into this class and so SgnaBLs generalize Bol loops. The basic 
properties of SgnaBLs are studied. These properties are all Smarandache in nature. The 
results in this work generalize the basic properties of Bol loops, found in the Ph.D. thesis 
[18] and the paper [19] of D. A. Robinson. Some questions for further studies are raised. 


2 Preliminaries 


Definition 2.1 Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup (H,-). 
Then, (Gu,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-) is a 
loop with an arbitrary non-trivial subloop (H,-). Then, (Gy,-) is called a special loop with 
special subloop (H,-). If (H,-) is of exponent 2, then (Gy,-) is called a special loop of 
Smarandache exponent 2. 

A special quasigroup (Gy,-) is called a second Smarandache right Bol quasigroup(Sgna- 
right Bol quasigroup) or simply a second Smarandache Bol quasigroup(Syna-Bol quasigroup ) 
and abbreviated SynaRBQ or SonaBQ if and only if it obeys the second Smarandache Bol 
identity (Sgna-Bol identity) i.e SgnaBI 


(xs-z)s = 2(sz-s) forallz,z€G ands e€ H. (1) 


Hence, if (Gx,-) is a special loop, and it obeys the SynaBI, it is called a second Smarandache 
Bol loop(Sgna-Bol loop) and abbreviated SynaBL. 


Remark 2.1 A Smarandache Bol loop(i.e a loop with at least a non-trivial subloop that is 
a Bol loop) will now be called a first Smarandache Bol loop(S,s:-Bol loop). It is easy to see 
that a SynaBL is a SjnaBL. But the reverse is not generally true. So SynaBLs are particular 
types of SjnaBL. There study can be used to generalise existing results in the theory of Bol 
loops by simply forcing H to be equal to G. 


Definition 2.2 Let (G,-) be a quasigroup(loop). It is called a right inverse property quasi- 
group(loop)[RIPQ(RIPL)] if and only if it obeys the right inverse property(RIP) yx - x? = y 
for allz,y € G. Similarly, it is called a left inverse property quasigroup(loop)/[LIPQ(LIPL)/ 
if and only if it obeys the left inverse property(LIP) «\- xy = y for all x,y € G. Hence, it 
is called an inverse property quasigroup(loop)/IPQ(IPL)]/ if and only if it obeys both the RIP 
and LIP. 

(G,-) is called a right alternative property quasigroup(loop)/[RAPQ(RAPL)] if and only 
if it obeys the right alternative property(RAP) y- xx = yx- a for allx,y € G. Similarly, 
it is called a left alternative property quasigroup(loop)/LAPQ(LAPL)] if and only if it obeys 
the left alternative property(LAP) xx-y = x«- xy for all x,y € G. Hence, it is called an 
alternative property quasigroup(loop)[APQ(APL)/ if and only if it obeys both the RAP and 
LAP. 

The byection Ly : G + G defined as yL, = x-y for all x,y € G is called a left 
translation(multiplication) of G while the bijection R, : G — G defined as yR, = y- «x for 
all x,y € G is called a right translation(multiplication) of G. 

(G,-) is said to be a right power alternative property loop(RPAPL) if and only if it obeys 
the right power alternative property(RPAP) 


ry” = (((xy)y)y)y---y te. Ryn = Ry for allz,y €G andn € Z. 
——— 


n-times 


The right nucleus of G denoted by N,(G,-) = N,(G) ={a€G: y-va=yr-aV x,y € G}. 

Let (Gy,-) be a special quasigroup(loop). It is called a second Smarandache right inverse 
property quasigroup (loop) [SgnaRIPQ(SgnaRIPL)] if and only if it obeys the second Smaran- 
dache right inverse property(SgnaRIP) ys: s° = y for ally € G ands € H. Similarly, it 
is called a second Smarandache left inverse property quasigroup (loop )[SgnaLIPQ(SgnaLIPL)] 
if and only if it obeys the second Smarandache left inverse property(SgnaLIP) s+ sy = y 
for ally € Gand s € H. Hence, it is called a second Smarandache inverse property 
quasigroup (loop )[SgnaIPQ(SgnaIPL)] if and only if it obeys both the SgnaRIP and SgnaLIP. 

(Gu,:) 1s called a third Smarandache right inverse property 
quasigroup (loop )/S3raRIPQ(S3RIPL)/ if and only if it obeys the third Smarandache 
right inverse property(S3rRIP) sy. y® =s forally€ G ands eH. 

(Gy,:) is called a second Smarandache right alternative property 
quasigroup (loop )[SgnaRAPQ(SgnaRAPL)/ if and only if it obeys the second Smarandache right 
alternative property(SgnRAP) y:ss=ys-s forally€G ands € H. Similarly, it is called 
a second Smarandache left alternative property quasigroup(loop)[SgnaLAPQ(SgnaLAPL)] if 
and only if it obeys the second Smarandache left alternative property(SgnaLAP) ss-y = s+ sy 
for ally € G and s € H. Hence, it is called an second Smarandache alternative property 
quasigroup (loop )[SgnaAPQ(SgnaAPL)) if and only if it obeys both the SgnRAP and SynaLAP. 

(Gy,-) is said to be a Smarandache right power alternative property loop(SRPAPL) if 
and only if it obeys the Smarandache right power alternative property(SRPAP) 


xs” = (((as)s)s)s---s te. Ron = R? for alla eG, s€H andne€ Z. 
Aaa ge lie 


n-times 


The Smarandache right nucleus of Gy denoted by SN,(Gy,-) = SN,(Ga) = N,(G)NH. 
Gy ts called a Smarandache right nuclear square special loop if and only if s? € SN,(Gu) 
for alls € H. 


Remark 2.2 A Smarandache; RIPQ or LIPQ or IPQ(i.e a loop with at least a non-trivial 
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ 
or LIPQ or IPQ(SisRIPQ or S\xLIPQ or SisIPQ ). It is easy to see that a SyxRIPQ or 
Sos LIPQ or SyIPQ is a SisRIPQ or Si«LIPQ or Si«IPQ respectively. But the reverse is 
not generally true. 


Definition 2.3 Let (G,-) be a quasigroup(loop). The set SY M(G,-) = SY M(G) of all 
bijections in G forms a group called the permutation(symmetric) group of G. The triple 
(U,V,W) such that U,V,W € SY M(G,-) is called an autotopism of G if and only if 


rU-y =(a4-yWV 2,yeG. 


The group of autotopisms of G is denoted by AUT(G,-) = AUT(G). 

Let (Gu,-) be a special quasigroup(loop). The set SSY M(Gy,-) = SSY M(Gzy) of all 
Smarandache bijections(S-bijections) in Gy t.e A € SYM(Gy) such that A : H > H 
forms a group called the Smarandache permutation(symmetric) group[S-permutation group] 
of Gy. The triple (U,V,W) such that U, V,W € SSY M(Gy,-:) is called a first Smarandache 
autotopism(S,s autotopism) of Gy if and only if 


tU-y =(r4-yWV 2,ye Guy. 


If their set forms a group under componentwise multiplication, it is called the first Smaran- 
dache autotopism group(S\s autotopism group) of Gy and is denoted by S,sAUT(Gy,-) = 
Ss AUT (Gy). 

The triple (U,V,W) such that U,W € SYM(G,-) and V € SSYM(Gy,-) is called a 
second right Smarandache autotopism(Syna right autotopism) of Gy if and only if 


rU-sV=(a4-s)WVxeEGandse H. 


If their set forms a group under componentwise multiplication, it 1s called the second 
right Smarandache autotopism group(Sgna right autotopism group) of Gy and is denoted 
by SonaRAUT(Gy,-+) = SonaRAUT(Gy). 

The triple (U,V,W) such that V,.W € SYM(G,-) and U € SSYM(Gzqy,-) is called a 
second left Smarandache autotopism(Syna left autotopism) of Gy if and only if 


sU-yV =(s-wWVyeG andse H. 


If their set forms a group under componentwise multiplication, it is called the second 
left Smarandache autotopism group(Sgna left autotopism group) of Gy and is denoted by 
SonaLAUT (Gy, -) = SonaLAUT(Gy). 


Let (Gy,-) be a special quasigroup(loop) with identity element e. A mapping T € 
SSY M(Gy) is called a first Smarandache semi-automorphism(S\s semi-automorphism) if 
and only if eT =e and 


(cy: x)T = (aT -yT)aT for allz,y €G. 


A mapping T € SSY M(Gz) is called a second Smarandache semi-automorphism(Sgna 
semi-automorphism) if and only if eT = e and 


(sy: s)T =(sT-yT)sT for ally € G and alls € H. 


A special loop (Gy,-) is called a first Smarandache semi-automorphism inverse property 
loop(S,;*#SAIPL) if and only if J, is a Ss semt-automorphism. 

A special loop (Gy,-) is called a second Smarandache semi-automorphism inverse prop- 
erty loop(SgnaSAIPL) if and only if J, is @ Sgna semi-automorphism. 

Let (Gy,-) be a special quasigroup(loop). A mapping A € SSY M(Gz) is a 


1. first Smarandache pseudo-automorphism(S,s pseudo-automorphism) of Gy if and only 
if there exists ac € H such that (A, AR., AR.) € S,sAUT(Gy). c is reffered to as the 
first Smarandache companion(S,s companion) of A. The set of such As’ is denoted by 
S\sPAUT (Gy, -) = SjsPAUT (Gy). 


2. second right Smarandache pseudo-automorphism(S gna right pseudo-automorphism) of 
Gy if and only if there exists ac € H such that (A, AR,, AR.) € SynRAUT(Gy). c 
is reffered to as the second right Smarandache companion(Syna right companion) of A. 
The set of such As’ is denoted by SgnaRPAUT (Gy, -) = Son RPAUT(Gy). 


3. second left Smarandache pseudo-automorphism(Syna left pseudo-automorphism) of Gy 
if and only if there exists ac € H such that (A, AR,, AR.) € SgnaLAUT (Gy). c is 
reffered to as the second left Smarandache companion(Sgna left companion) of A. The 
set of such As’ is denoted by SgnaLPAUT (Gy, -) = SgnaLPAUT(Gy). 


3 Main Results 


Theorem 3.1 Let the special loop (Gu,-) be a SgnaBL. Then it is both a SgnaRIPL and a 
SonaRAPL. 


Proof 
1. In the SynaBI, substitute z = s?, then (as - s?)s = x(ss?-s) = xs for all x € G and 
s € H. Hence, xs- s? = x which is the SgnaRIP. 


2. In the SonaBI, substitute z = e and get xs-s = x- ss for alla € Gand s € H. Which 
is the SgnaRAP. 


Remark 3.1 Following Theorem [3.1, we know that if a special loop (Gy,-) is @ SgnaBL, 
then its special subloop (H,-) is a Bol loop. Hence, s-' = s* = s? for alls € H. So, if 
n € Z*, define xs” recursively by s° = e and 8s" = s""!-s. For anyn € Z, define s” by 
s” = (a4), 


Theorem 3.2 [f (Guy,-) is @ SgnaBL, then 


for alla Ee G,s€H andne Z. 


Proof 
Trivialy, (2) holds for n = 0 and n = 1. Now assume for k > 1, 


es as sg eess" (3) 


k-1 k+1 


for all zs € G, s € H. In particular, s* = s*-1- 5 = s- s*-! for all s € H. So, zs = 
z-s*s = x(ss*-!. s) = (xs- s*-1)s = xs* - 5 for all x € G, s € H. Then, replacing x by xs 
in, (B),-2e <8" = (s+ s*")p = ag? <8) = as? s+ 5) = os 8s = as forall ge G, 
s € H.(Note that the SgnaBI has been used twice.) 

Thus, holds for all integers n > 0. 

Now, for all integers n > 0 and all x € G, s € H, applying to x and s~! gives 
ne) Sa gie ag Saas ee, and applied to vs and s~! gives s+ (s7!)"th = 
~~ and the proof is complete.(Note 


nm —n— 


(ge-6"" )\(e 7)" as Mende, g5°" = oe 3 = wees 
that the SjnaRIP of Theorem has been used.) 


Theorem 3.3 [f (Gy,-) is @ SgnaBL, then 


forallxEeG,sE€H andm,ne€ Z. 


Proof 
The desired result clearly holds for n = 0 and by Theorem [3.2] it also holds for n = 1. 

For any integer n > 1, assume that (4) holds for all m € Z and all x € G, s € H. Then, 
using Theorem B.2] rs™*"*1 = zs™™ «5 = (xs™- s")s = rs™- s"*1 for alla € G, s € H and 
m € Z. So, (@ holds for all m € Zand n € Zt. Recall that (s")~ = s~” for all n € Z* and 
s € H. Replacing m by m—n, zs™™- s” = xs™ and, hence, zs™—" = zs™-(s")-1 = xs™-3-” 
for allme€ Zandx€G,se€ H. 


Corollary 3.1 Every SgnaBL is a SRPAPL. 


Proof 

When n = 1, the SRPAP is true. When n = 2, the SRPAP is the SRAP. Let the SRPAP be 
true for k € Z*; Rx = R* for all s € H. Then, by Theorem B.3) R*'t! = R®R, = RRs, = 
R,x+1 for all s € A. 


Lemma 3.1 Let (Gy,-) be a_ special loop. Then, 8 \sAUT(Gy,-) < 
AUT(Gu,-), SonaRAUT(Gy,:) < AUT(H,-) and SgnaLAUT(Gy,:) < AUT(H,-). 
But, SonaRAUT (GH, -) re AUT(Gu, -) and Sona LAUT (Gr, -) rs AUT(Gu, ‘), 


Proof 
These are easily proved by using the definitions of the sets relative to componentwise mul- 
tiplication. 


Lemma 3.2 Let (Gy,-) be a special loop. Then, SynRAUT(Gy,-) and SynLAUT (Gy, -) 
are groups under componentwise multiplication. 


Proof 
These are easily proved by using the definitions of the sets relative to componentwise mul- 
tiplication. 


Lemma 3.3 Let (Gy,-) be a special loop. 


1. If (U,V,W) © SonRAUT(Gy,-) and Gy has the SgnRIP, then (W,J,VJ,,U) € 
SontRAUT (GH, ‘), 


2. If (U,V,W) € SonaLAUT(Gy,-) and Gy has the SynaLIP, then (J,U,W,V) € 
SonaLAUT (Gy, -) . 


Proof 


1. (U,V,W) © Sona RAUT(Gy,-) implies that zU - sV = (a-s)W for all x € G and 
s € H. So, (2U-sV)(sV)? = (x- s)W- (sV)? => aU = (as?)W - (s°V)P = (as)U = 
(xs -s°)W - (sPV)? = (4s)U =aW -sJ,V J, > (W, JoV Ip, U) © Sona RAUT (Gu, -). 


2. (U,V,W) € Sona LAUT (Gy, -) implies that sU-xV = (s-x)W for alla € Gand s € H. 
So, -(sU)? (60 -2V) = (SU)? (se WS av = (UW Sav SU): 
(s\2)W => (sx)V = (SU) - (s*- sz)W => (sx)V = sJ,U J, -2W => (JU,W,V) € 
So LAUT (Gy... 


Theorem 3.4 Let (Gy,-) be a special loop. (Gy,-) is a SonuBL if and only if 
(A IR ve sn AUG eo: 


Proof 
Gy is a Sona BL iff (as - z)s = x(sz-s) for allz,z€ Gand s € A iff (cR,-z)R, = x(zL,R,) 
if (xz)R, = 2R,'-zL,R, iff (R71, L,R,, Rs) € Sis AUT (Gy, :). 


Theorem 3.5 Let (Gy,-) be a Sgn BL. Gy is a SgnaSAIPL if and only if Gy is a S3raRIPL. 


Proof 

Keeping the SynaBI and the SgnaRIP in mind, it will be observed that if Gy is a S3raRIPL, 
then (sy - s)(s?y’ - s°) = [((sy- s)s?)y?]s° = (sy - y’)s? = ss? =e. So, (sy- s)? = sPy?- s?. 
The proof of the necessary part follows by the reverse process. 
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Theorem 3.6 Let (Gy,-) be @ SgnaBL. If (U,T,U) € Sis AUT(Gy,-). Then, T is a Sona 


semi-automorphism. 


Proof 
If (U,T,U) € Sj AUT(Gy,-), then, (U,T,U) € Syn RAUT(Gy,-) ASgna LAUT (Gy, -). 

Let (U,T,U) € Sona RAUT(Gy,-), then cU - sT = (xs)U for all x € Gand s € H. Set 
s =e, then eT =e. Let u=eU, then u € A since (U,T,U) € Sona LAUT (Guy,-). For x =e, 
U=TL,. So, TL, -sT = (xs)TL,, for all z € G and s € H. Thus, 


(ase jae? =a: (es)T, (5) 
Replace x by sa in (5), to get 
[u-(sx)T]-sT =u-(sa-s)T. (6) 


(U,T,U) € Sona LAUT (Gy,-) implies that sU - xT = (sx)U for all x € G and s € H implies 
sTL,-«T = (sx)TL,, implies (u-sT)-xT = u-(sx)T. Using this in (6) gives [(u-sT)-rT]-sT = 
u-(sz-s)T. By the SgnaBI, ul(sT -2T)- sT] =u-(sx-s)T => (sT-2T)-sT =(sz-s)T. 


Corollary 3.2 Let (Gy,-) be a@ SgnaBL that is a Smarandache right nuclear square special 
loop. Then, L,Rz1 is a Sgna semi-automorphism. 


Proof 

s? € SN,(Gq) for all s € H iff ry-s? = a- ys? iff (cy)Re =2-yRe iff (cy) R? = 2-yR?2(-. of 
SonaRAP) iff (I, R?, R?) € Sj AUT(Gy,-) iff (I, RZ?, RZ?) € Sy AUT(Gy,-). Recall from 
Theorem [4] that, (R-!,L,R,,R,) € SiwAUT(Gu,-). So, (Ry, L,R,, By)(I, Rz?, Re?) = 
(Rz', L,Rz!, Rz') € Sys AUT(Gy,-) > L, Ry? is a Sona semi-automorphism by TheoremB.6] 


Corollary 3.3 If a SynaBL is of Smarandache exponent 2, then, L,Ry' is a Sona semi- 
automorphism. 


Proof 
These follows from Theorem 


Theorem 3.7 Let (Gy,-) be a@ SgnaBL. Let (U,V,W) € S\sAUT(Gy,-), 5; = eU and 
8s. = eV. Then, A = UR;! € SjxPAUT(Gy) with Ss companion c = 8182+ 8, such 
that (U,V,W) = (A, AR., AR.)(Rz!, LeRs, Ry). 


Proof 

By Theorem B.4] (Rz!,L,Rs,Rs) € Sj«AUT(Gy,-) for all s € H. Hence, (A,B,C) = 
(U, ‘4 W)(Rz, Ls, Rs,, Rey) _ (CR VLEs, Fay WR,,) = Sis: AUT (Ga, ‘) = A= 
UR;', B=VL,,Rs, and C =WR,,. That is, aA-bB = (ab)C for all a,b € Gy. Since eA = 
e, then setting a=e, B=C. Then forb=e, B= AR,g. But eB = eVL,, Rs, = 8182 ° 51. 
Thus, (A, AR.p, AReg) € Sis AUT (Guy,-) > A © Sy#PAUT(Gy,-) with Ss companion 


C= 8189: 8, € A. 


Theorem 3.8 Let (Gy,-) be a SonaBL. Let (U,V,W) € = SonLAUT(Guy,-) 
SonaRAUT(Gy,:), 81 = CU and sy = eV. Then, A = UR;! € SynLPAUT(Gy) 
Son RPAUT (Gr) with Sgna left companion and Syna right companion c = 8152+ 8, such 
that (U,V,W) = (A, AR,, AR,)(R;', LsRs, Rs)7!. 


Proof 
The proof of this is very similar to the proof of Theorem B.7| 


Remark 3.2 Every Bol loop ts a SgnaBL. Most of the results on basic properties of Bol loops 
in chapter 2 of can easily be deduced from the results in this paper by simply forcing H 
to be equal to G. 


Question 3.1 Let (Gy,-) be a special quasigroup(loop). Are the sets S\xPAUT(Gy), 
Sonat RPAUT (Gy) and SynaLPAUT (Gy) groups under mapping composition? 


Question 3.2 Let (Gy,-) be a special quasigroup(loop). Can we find a general method(i.e 
not an “acceptable” SonaBL with carrier set N) of constructing a SgnaBL that is not a Bol 
loop just like Robinson [18], Solarin and Sharma were able to use general methods to 
construct Bol loops. 
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